Abstract. We define a quantum analogue of the Grothendieck ring of finite dimensional modules of a quantum affine algebra of simply laced type. The construction is based on perverse sheaves on a variety related to quivers. We get also a new geometric construction of the tensor category of finite dimensional modules of a finite dimensional simple Lie algebra.
Introduction
Finite-dimensional representations of quantum affine algebras, say U = U q (Lg), have been studied from various viewpoints. However, little is known on the decomposition factors of tensor product of simple modules. It was observed recently that the direct sum of the Grothendieck rings of affine Hecke algebras of type A could be identified with the algebra of regular functions of the pro-unipotent group of upper triangular unipotent Z × Z-matrices with finite support, in such a way that simple modules are mapped to the dual canonical basis of U + q (sl ∞ ). As a consequence, the induction product of simple modules of affine Hecke algebra is related to conjectural multiplicative properties of the dual canonical basis, see [NLT] . The aim or our paper is to give a similar approach for all simply laced types, using the geometric realization of quantum affine algebras in [N2] , see also [GV] , [V] for type A. We get a geometric construction of a flat deformation of the Grothendieck ring of U in terms of perverse sheaves on a singular variety related to quivers. This new ring, say GR, is not commutative in general, and affords a canonical basis. Although we do not have a geometric construction of the whole tensor category of finite-dimensional U-modules, we expect that a large number of information can be captured from GR. In particular we formulate a generalization of a conjecture of Berenstein-Zelevinsky which characterizes the tensor products of simple modules which are simple, see [BZ] . Let us mention that one important property of GR is that there is a quantum character, which is an injective ring homomorphism from GR to a skew-polynomial ring. This quantum character has been studied in [N3] from a different point of view. A similar construction gives a new geometric interpretation of the tensor category of finite dimensional g-modules, see §5. It would be interesting to relate it with the tensor category of perverse sheaves on the affine Grassmanian of the Langlands dual group. This work was exposed at the 'Schur memorial conference' at the Weizmann Institute in December 2000. The second author would like to thank the organizers for their invitation.
The Grothendieck rings
2.1. Let g be a simple complex Lie algebra with Cartan matrix A = (a ij ) i,j∈I . Let d i ∈ {1, 2, 3} be the coprime positive integers such that the matrix with entries b ij = d i a ij is symmetric. Let α i and ω i be the simple roots and the fundamental weights of g. Set Q = i∈I Zα i , P = i∈I Zω i and let P + , Q + be the semi-groups generated by {α i } and {ω i }. Recall that Q is embedded in P by the linear map such that α i → j a ji ω j . For any λ ∈ P , α, β ∈ Q we write β ≥ α if β − α ∈ Q + (resp. we write λ ≥ α if λ − α ∈ P + ). If λ ∈ P + let V (λ) be the simple g-module with highest weight λ. If λ ∈ P and V is an integrable g-module, let V λ ⊆ V be the corresponding weight subspace in V . We put
Let R(g) be the ring of finite dimensional representations of g. In the rest of the paper, except in Section 5, we assume that the Lie algebra g is simply laced.
2.2.
The quantum loop algebra associated to g is the C(q)-algebra U generated by
(i ∈ I, r ∈ Z, s ∈ N) modulo the following defining relations
where i = j, r 1 , ..., r 1−a ij ∈ Z and w ∈ S 1−a ij . Here we have set ε = + or −,
Let U ± ⊂ U be the subalgebra generated by the elements x ± i,r with i ∈ I, r ∈ Z. For a future use, we also introduce the elements h is ∈ U, s = 0, such that
Let ∆ be the coproduct defined in terms of the Kac-Moody generators
∨ be the set of cocharacters of G, and let G ∨,ad be the set of conjugacy classes in
gives a semigroup structure on the sets
where γ i , η i are the i-th components of the elements γ ∈ G
. Hereafter we may omit the symbol ⊗ and write simply q n λ instead of q n ⊗ λ. Consider the
Hereafter, let γ + η denote the element γ + Ω(η) ∈ X. We write
be the Z((q −1 ))-bilinear form such that (α i |ω j ) = δ ij . Let Ω −1 : X → Z((q −1 ))⊗Q be the inverse of Ω. For any γ, γ ′ ∈ X, we put
where f 0 is the constant term of a formal series f , and¯is the Z-linear involution such thatq = q −1 . It is easy to see that
. Let A X be the A-algebra linearly spanned by elements e γ , γ ∈ X, such that
2.4. The simple finite dimensional U-modules are labelled by I-uples of monic polynomials in C(q) [t] with nonzero constant terms, called the Drinfeld polynomials. If γ = k γ k ∈ X + with γ k = q n k ω i k and n k ∈ Z, let V (γ) be the simple finite dimensional U-module whose i-th Drinfeld polynomial is P
For any U-module V and any I-uple of formal series
is the expansion at ∞ or 0 of the rational function
and
γ − . Let C q be the category of pairs (V, F ) where V is a finite dimensional U-module such that V = γ V γ , and F is a decreasing Z-filtration on V compatible with the weight decomposition, i.e.
for all n, i, j, see [K] . Let denote it by W (γ). Fix a highest weight vector v γ ∈ V (γ). It is known that W (γ) is a cyclic U − -module generated by the monomial [K] , [VV] . The geometric construction in [N2] implies that 
is .
We endow W (γ) with the decreasing Z-filtration such that
We have W (γ), F ∈ Ob(C q ). There is a unique surjective homomorphism of U-
is endowed with the quotient filtration. Hereafter, the classes of the pairs
be the A-submodule spanned by the elements V (γ). The tensor product of two objects in C q is endowed with the filtration such that
where Gr F is the associated graded space.
Proof:
+ have a non-zero degree, see [D] . Thus, the weight
Then, Claim (a) follows from (2.3.1) and (2.4.1). Claim (b) is obvious. Claim (c) is proved in Theorem 4.3.
⊓ ⊔
For a future use we introduce the following sets
Example. We give a few computations in the case g = sl 2 . To simplify we omit ω 1 : we write q n instead of q n ω 1 . We get
where t = 0 if n − m is zero or odd, and t = (−1)
where k i v is the v-binomial coefficient. Note that our normalizations are different from [N3] (we use v = t −1 ).
Reminder on quiver varieties
3.1. Consider the graph such that : I is the set of vertices, and there are 2δ ij − a ij egdes between i, j ∈ I. Each edge is endowed with the two possible orientations. The corresponding set of arrows is denoted by H. If h ∈ H let h ′ and h ′′ the incoming and the outcoming vertex of h. Let h ∈ H denote the arrow opposite to h. Fix two I-graded finite dimensional complex vector spaces V, W of graded dimension (a i ), (ℓ i ). Let us fix once for all the following convention : the dimension of the graded vector space V is identified with the root α = i∈I a i α i ∈ Q + while the dimension of W is identified with the weight λ = i ℓ i ω i ∈ P + . Set
where ε is a function ε :
♠ is free. Consider the varieties
where / / is the categorical quotient, and
The variety Q λα is smooth and there is a bijection Q λα ≃ m −1
. If α ≥ β the extension by zero of representations of the quiver gives a closed embedding
3.3. The fixpoints set of a bijection φ :
It is known that Q γη,k is either empty or a connected component of Q γ,k . Let π γ,k : Q γ,k → N γ,k be the restriction of the map π λ . We set
To simplify, hereafter we set
3.4. If an algebraic group G acts on a variety X, and if φ ∈ G ∨ , we put
, whereι ± , ι ± are the embeddings, andκ ± , κ ± are the obvious projections. Since the map π γ,k is proper the left square is Cartesian. 
Lemma 1. The direct sum of representations of the quiver gives an isomorphism
λα (0) be the direct sum of representations of the quiver in
λα (0) is regular if and only if it is stable and costable (i.e. there is no proper B-invariant subspace of V containing Im p), see [L2] . Fix
which is compatible with the stratifications. This map is clearly affine, since N λα is an affine variety. Thus it is finite.
⊓ ⊔
If k = 1 we get
Proof: Part (a) is immediate. Let us check Part (b). The one-parameter subgroup q · Id W ′ ⊕ Id W ′′ acts fiberwise on the normal bundle to
is the dimension of the attracting (resp. repulsing) subbundle. The class in equivariant K-theory of the tangent bundle to Q γη is given in [N1, §4.1]. We get
Part (c) is proved by a direct computation using (3.5.3) and 
consisting of all complexes which are isomorphic to finite direct sums of the sheaves
The complex L γη belongs to Ob(Q γ ), see [N2] . If γ ′ , γ ′′ , ι ± , κ ± , τ are as in §3.5, we have the functor
Proof: By base change, the diagram in §3.5 gives
From [L1, 8.1.6 ] the complex π γ!κ±!ι * ± C Q γη is semi-simple, and there are short exact sequences of perverse sheaves
where p H n is the perverse cohomology, and f j (resp. f ≤j ) is the restriction of the map π γκ± to the union of all subvarieties
of dimension j (resp. ≤ j). Since the map φ is finite and bijective, we have also
Thus, Claim (a) follows from Lemma 3.5.2.(a). Claim (b) follows from Claim (a), since a direct summand of a complex in Q γ belongs to Q γ . Claim (c) is due to the auto-duality of L γη (the map π γ is proper) and Lemma 3.
5.2.(b).
⊓ ⊔ 4.2. Let K γ be the A-module with one generator for each isomorphism class of
In particular, the elements L γη , with η ∈
such that η δ, and fix x δ ∈ N ♥ γδ . We have an isomorphism
such that w γ−δ ∈ H 0 (F γ−δ,0 ), see [VV, Theorem 7 .12], [N2, Theorems 3.3.2 and 7.4.1]. We first check that
To simplify the notations, we may assume that δ = 0, without loss of generalities. Let C λ,α+α i ,α ⊆ Q λ,α+α i × Q λα be the set of pairs (x ′ , x) such that x is a subrepresentation of x ′ . For any η, η ′ put
Let ⋆ be the convolution product in Borel-Moore homology, see [CG] . By definition, we have
see [CG, Lemma 8.9 .5]. Recall that x (t) ir acts on H * (F γ ) by the ⋆-product by an element of the form
where
, and θ η ′ η is invertible. Moreover, ω η ′ η , θ η ′ η do not depend on r. More precisely, from [N2, (9.3 .2), §13.4], we have
where k ∈ Z and ν η ′ η ∈ H 2 * (Q γη ) is invertible. Fix a non-zero v ∈ H 0 (F γ0 ). The space H * (F γ ) is spanned by the elements x
The ⋆-product by ψ
ir on H * (F γη ) is a homogeneous operator of degree e η ′ η +2r ∈ Z. Thus,
where k = e η ′ η + ℓ + 2r. Set
A direct computation gives
where k = e η ′ η + ℓ + 2r. The γ-fixed part of the complex [N2, (5.1.1)] is the normal bundle of
Using (4.2.4) and §2.4 we get
The identity (4.2.2) follows. To prove Lemma 4.2.
be the composition of the chain of maps
A detailed analysis of the gradings in [N2, §14] , [CG, §8] shows that M δk = Im φ δk . Let us prove part (b) . By [N2, Theorem 3.3 .2] we have for any δ ∈ + (γ)
By (4.2.6) there is a unique surjective map K γ → K γ−δ such that IC γη → IC γη if η δ, and IC γη → 0 else.
Using (4.2.6) again and Claim (a) of the lemma, we see that this map satisfies the requirements in Claim (b). Set
Using Lemma 3. 
GA γ → GA γ be the maps dual to res γ ′ γ ′′ and D. We consider the inductive system of A-modules (GA γ ) such that b γη → b γ+δ,η+δ . Let GA = lim −→ γ GA γ be the limit. Let b γ , c γ ∈ GA be the images of the elements b γ0 , c γ0 ∈ GA γ .
Theorem. The A-module GR is a subring of K(C q ). The linear map such that
The following conjecture generalizes to all simply laced types the conjecture in [BZ] (for type A).
Conjecture. The following statements are equivalent :
Proof of the theorem : The maps D, res γ ′ γ ′′ are compatible with the projective system (K γ ). The limit, denoted (K, res) , is a co-algebra with a skew-linear involution D. By Lemma 4.2.1.(a), (b), the projective system maps IC γη to IC γ−δ,η−δ , for any η ∈ + (γ) such that η δ. In K we consider the elements IC γ = IC γ+δ,δ , with
Let A ∨ X be the A-coalgebra with the A-basis (a γ ), γ ∈ X, and the coproduct
The elements IC γ ′ , γ ′ ∈ X + , form a A-basis of K. Thus, the linear map
is an injective ring homomorphism. Consider the linear map φ : GR → GA such that V (γ) → b γ for all γ ∈ X + . We get the commutative square of linear maps
where ψ, gch are ring homomorphisms, see Proposition 2.4.(a), the vertical maps are injective, and φ is invertible. Thus, GR is a subring of K(C q ) and φ is a ring homomorphism. If
Thus θ is an antihomomorphism.
5. The classical case
♥ be the full subcategory of D(N λ ) consisting of all complexes which are constructible with respect to the stratification in §3.2. Set
see [N2, Proposition 15.3.2] . Let P λ be the full subcategory of D(N λ ) ♥ consisting of all complexes which are isomorphic to finite direct sums of complexes of the form IC λα .
Assume that λ = λ ′ +λ ′′ . Setting k = 0, γ = Id W in §3.5 we get the commutative diagram
Moreover the relative dimension of the mapκ ± above the component
Indeed, let T λτ be the normal bundle to Q τ λ in Q λ , and let T ± λτ be the restriction to Q τ λ of the relative tangent bundle to the mapκ ± . The cocharacter τ acts on T λτ with non zero weights, and T ± λτ is the subbundle consisting of the positive (resp. negative) weights subspaces. Recall that Q λ has a G λ -invariant holomorphic symplectic form, see [N1, (3. 3)]. Thus, the subvariety Q τ λ is symplectic, and the rank of T λτ is twice the rank of T ± λτ . Consider the functor
The following lemma is proved as Lemma 4.1.
Lemma 2. For any α ∈ (λ) we have
Moreover res
, and res + λ ′ λ ′′ commutes to the Verdier duality. Let res λ ′ λ ′′ : P λ → P λ ′ × P λ ′′ be the corresponding functor. Using [N2, Theorem 3.3 .2] and §3.2 we get
see also (4.2.6). Thus, for any β ∈ + (λ), there is a unique exact functor p λβ :
Using (5.1.1) we get, for any α ∈ (λ),
5.2.
We do not assume that g is simply laced any more. Fix a simply laced simple Lie algebra g and a diagram automorphism a of g such that the Dynkin graph of g is deduced from the Dynkin graph of g as in [L1, §14] . Let n be the order of the automorphism a (n = 2 for types B k , C k , F 4 , and n = 3 for type G 2 ). To g we associate a quiver (I, H) as in §3.1. The automorphism a is identified with a permutation of the set I × H such that
Let a be the cyclic group of automorphisms of (I, H) generated by a. Let P + , Q + , α i , ω i be as in §2.2. Let I be the set of a -orbits in I, and let
a be the corresponding sub-semigroups of P + , Q + . The simple root α i and the fundamental weight ω i of g are identified with the sums i∈i α i ∈ Q + ,
The diagram automorphism induces natural automorphisms N λα
Let denote them by a again.
Fix λ ∈ P
+ ⊂ P + . Let P λ be the full subcategory of D( a N λ ) ♥ consisting of all complexes which are isomorphic to finite direct sums of the complexes IC λα , α ∈ Q + . As in [L1, §11] we consider a new category a P λ . An object of a P λ is a pair (P, θ), where P ∈ Ob(P λ ) and θ : a * P ∼ → P is an isomorphism such that the composition a * n P −→ · · · −→a
The category a P λ is Abelian. Recall that for any functor F : P λ → P λ ′ and for any isomorphism of functor a * F = F a * : P λ → P λ ′ there is the functor a F :
where θ F is the composition of the chain of maps
Let a I λ be the full subcategory whose objects are the pairs (P, θ) such that P ≃ P ′ ⊕a * P ′ ⊕· · ·⊕a * (n−1) P ′ for some P ′ ∈ P λ , and θ is the obvious isomorphism, which acts cyclically on the direct factors a * j P ′ . The category a I λ is stable under subquotients and extensions. Let T λ = a P λ / a I λ be the quotient category in the sense of Serre.
Since IC λα is canonically attached to N λα , the automorphism a : N λα ∼ → N λα gives a canonical automorphism θ : a * IC λα ∼ → IC λα . Similarly, the image by π λα! of the obvious isomorphism a
The corresponding objects in a P λ or T λ are denoted by a IC λα , a L λα . For any λ ≥ β, there is the functor p λβ : P λ → P λ−β , see §5.1. It commutes with a * . Thus it induces an exact functor a p λβ :
The following is immediate.
The corresponding functors T λ → T λ−β , T λ → T λ ′ ⊠ T λ ′′ are still denoted by a p λβ , a res λ ′ λ ′′ . The dual category T
• λ is endowed with the functors
where Vec is the category of finite dimensional complex vector spaces, and homomorphisms are taken in the categories T
• λ respectively. We define a new category T
• as follows. Objects of T • are collections P = (P λ , γ λβ ), where P λ ∈ Ob(T • λ ) and
are isomorphisms satisfying the obvious chain condition. Morphisms
Lemma 2. For any P, P ′ , P ′′ ∈ Ob(T • ) we have natural embeddings
Proof: Fix α ∈ (λ). We have an isomorphism
. The group a acts on H top (π This proves Claim one. Lemma 5.1.2 implies that
Using (5.3.3) we get
Claim 2 follows, then, from the obvious identities : if
⊓ ⊔
From Lemma 2 the category T • is endowed with the functors Φ :
Then, (5.3.4) gives the following
Lemma 4. (T • , ⊗) is a tensor category, and Φ is a tensor functor.
Let k ⊂ C be the subring generated by the n-th roots of the unity. Let A ′ be the Grothendieck group of T
• . Let A be the quotient of the k-module A ′ ⊗ Z k by the relations (P, ζθ) = (P, θ) ⊗ ζ if ζ n = 1. We have a k-linear map ⊗ : A ⊗ k A → A. Let a IC λ , a L λ be the unique objects of T 5.4. Assume now that g is simply laced. We have the diagram
Set ε γ = ε γγ . Let κ ± η be the relative dimension ofκ ± above the component Q γη . We have κ By base change we get, for any η ∈ + (γ),
Lemma. We have res 
